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1
Recen七lywedevelopedthetwo。poin七methodofestimatinglinear
regressionparametersbyZ.Hellwigi11〔5〕,In〔5〕,assumingtwo-
dimentionalnormalpopula七ion,we ,independentlyprovedtheorems
concerningthepropertiesofestimatorsobtainedbytwo-poin七
methodproposedbyHellwig,andasourOwnnewresultswederived
七heteststatis七icsandthemethodofconstructingconfidencelimits
aboutpopulationparameters.
Inthispaperwewillintend七 〇exten.dtheaboveresultstonew
situations.
2
Inthissection,assumingthatthe
normal,wewilldefinethedensity
normaldistributionasfollows:
翻 一2耐 γ「,,・砂〔一'
2ρ(　砦 一μ")
+(ツ芸許
where
E(の=μ 労,E(ツ)=μ 〃,
distributionofpopulationis
func七ionoftwo-dimentional
2(1-一ρ2)1
)21〕
∫(κ一μ錫
σの)2
(1)
,
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E(X一 μ。)2・=σ。2,E(y一 μ")2一σ〆,
E(x一 μの(ツ ー μ〃)==ρ,
Inthiscase,conditionalexpectationE(夕1のwillbegivenas
follows:
E(ylx)一∫㌧ ∫(列肋
一〇
=α+βx,(2)
whereα=μ びandβ==ρ σ,/ax.
Inthiscaseweregardthex'sasfixedvariates.
Weshallassumethatarandomsamplecomprisingofn=2mitems
isdrawnfromtheabovepopulation.Thenwegetpairsof(A「1・ ツユ),
(x2,Y2)_,(xm,伽),(xm+1,伽+1)…,(xn,狗).Weshalldividethe
setintotwosubgroupsinsuchawaythatinthefirstsubgroup
GIanyrandomhpointsareincluded,andintothesecond
subgroupG2alltheremaining(n-k)pointsareincluded.Then
な ハ
1、=・》x.、/h,12rΣX」/@-h),
己菖1'・ ・k+1
(3)
ゐ れ
ラi=Σツ`/k,ラ2=Σsu/(%一のtslj薗k+1
arecomputed.Asanestimatorforpopulatiollparameterβ,bwilI
beexpressedasfollows:
b・tLi≡彰i(4)
or
わ一考i≡髪(5)
Inthispaperweshalluseexpression(4).
Thenweshallderivemathematicalexpectationandvarianceof
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。m。ter,(T・k・u・hi)-3-
estimatorわ.InthiscaseweTegardthe〆5asfixedvariates.
恥)-E(妾≡舞i→
一.1--E(ラ,一 五 レ)
X2-X1
-、
、#一、{E(タ、lx、)-E(夕・1'x・)}.,(6>
While
E(ラ、lx、)一÷ 孝E(夕・1の
,(7>
and
E(ラ,ltZ、)一一π土壽 琶(Y・]x2)・(8>
ThereforeweneedtoderiveE(γ1レ1)andE(ッ21x2).
E()i・lx、)一∫㌻ ・∫(γ1肋
噛 一◎
一μ・+ρ暮ン ・
,(9>
andin七hesameway
E(y,陶 一 μ"+ρ σ・κ2⑩,
στ.
Therefore
Eσ ・1・f2)一一1孝(μ"+ρL'x1
σ灘)
一卿 跡 ・
,⑱
andinthesameway
E(ラ、陶 一μ,+ρ一%,⑫σ¢.
From(6),⑪and⑫,wegetthefollowingresult:
～
＼
＼
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E(bix)一歳(μ ・+夢 ・一μゾ ρ舞 渇)
一ρ舞一β乳 ⑬
Thereforeitisderivedthatわisanunbiassedestimatorfor
τegressioncoefficientβinpopulation.
Nextweshallderivethevarianceofb.
σ2(blx)-E(う一 βix)2
一憐)・σ・(酬 の αの
Sincethesampleisdrawnatrandornfromthepopulation,
pairsof(x`,ッ`)areindependentlydistributed.Thus
σ2(bIx)・=(論)・{σ・(施1掩)+・σ・1苅)}
.⑮
Thenweneedtoderiveσ2(夕21x2)andσ2σ1レ1).
σ・(ラ・陶 一ゴ σ・一μ")・ノ(ツレ)dア
ー σ,(1一ρ2)/ん.⑯
Inthesameway
σ2σ,レ,)一σ,2(1一ρ2)/(n一の 。 ⑳
Thereforewegetthefollowingresult:
σ・(わ1め一聖絆(÷+嵩) .⑱
FromaS)itwillbederivedthatapartfro血(X2-Xl)2,σ2(biの
willbeminimizedwhenん=%一 ん,i.e.,h=彿="/2.Thereforeitwill
bedesirabletotakeん=%/2=〃2.
Whenん=勉=n/2,theaboveresultswillbeexpressedas
follows:
噸SomeMe七hods養1
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E(z)lx)=ρ ∫『Y-.・,・β
Ox,
σ・(わレ)一箒畿≒1;}-1詮鶏≒…留 .⑲
Thenweshallderivethatわisaconsistentestimatorforβ.We
shallassumethefollowingcondition:
1(Xl十X2十… 十Xm)一(X,n+汁Xm+,+…+Xの
n>o・>0・ ⑳
whereoc,ispositiveconstant.Thenitisnecessarythatthe
fol】owingrelationisproved:
Pr{lb一 β1>ε}→1,(20
whenε>Oisgivenandn→ ◎◎.
Accordin琴toqe6H皿eB'sinequality,wehave
Pr{1わ一βi〈・}≧1-一凝1罵 ン
.2z
Itiseasilyderived七ha七whenεisgivenandthecondit量on⑳is
valid,
鰻{鎌髭尋 一〇 .⑳
Thenwehave(21).
3
Fromtheassumptionthatdis七ributioIIofpopulationisnorma1,
regressioncoefficientわderivedina4)isdistributedaccordingto
1>(β,/4σy2(1一ρ2)/{n(1・-1、)2}).Hence
σ1講)-2鍔1癬三)as
isdistributedaccordingtonormalizednormaldistribution,N(0,1).
Whenavandρareknown,wecaneasilytestthehypo七hesison
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regressioncoefficientβ.
Ingeneralay2andρareunknown.However,ifsamplesizenis
largeenough,wecanusesamp】estandarddeviationsyforσ 「y,and
rforρ,constructingthefouowingstatistics:
ま誰)一■屠 蹄 ♪.圏
Abovestatisticwi】lbeapproximatelynormallydistributedwith
ヱ〉(0,1),whensamplesizeislargeenough.Usingit,wecanmake
inferencesaboutregressioncoefficientβ.
However,whensamplesizenisnotsolarge,itisnotpossible
touse(25),inordertornakeexactinferencesabouttheregression
coefficientβinpopulation.Itisourpurposetoconstructavalid
statisticinsuchacase.Tosimplifyourdiscussion,weshalllimit
ourselvestothecaseinwhichthefixedvariablexobeys七he
relationΣx=O.Thismayalwaysbepossiblebyashiftoforigir
ofx.
Whenxisfixed,Y1,Y2,…,ynareindependentlydistributedaccording
toN(μ"+βx・,6 .v2(1一ρ2)),ヱV(μμ+βx2,0y2(1一 ρ2)),……,ヱV(μ"+βXn,
oy2(1一ρ2)).Weshallconsiderthefollowingtransformation:
x-:γ一 α 一 βx.(2⑤
Itiseasilyunderstoodthatzisindependeptlydistributed
accordingto1>(0,av2(1一 ρ2)).
Weshallusethefollowingorthogonaltransforrnation:
秘・一 弄(Z2・ 悔+…+9・m-一 一… 一'・12-…一 ・・の
一 諺 ア{£(鵬γ2`一α一 βx2`)一Σ(夕、`一一a一βx"
`冒1)}
竃
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し
一 器{(Y2-Yi)一β(死・一 刃・)}
一苦 σ ・殉(わ 一 β)・ 伽
U・「 毒(…+・22+…+・ ・m+…+・ ・2+…+・・m)
詔v/万(α一 α),a8
whereα=夕.
一 ゾ Σ(
X2-X2)≒rs(_諦(X・ 一 ・2)・・+Σ(X・一・・)・i}
一 ゾ
灰 挽一i-;sliS-・一+-x(x、写 ア 〔x(x2-N・)(Y・一一Y・)+
Σ(X1-Xl)(ツ・一ラ・)一β{Σ(挽殉 ・+Σ幅)・}〕
一 要{・ 傷ジ β㈲ ・}・ ⑳
where
Σ(X、一一1、)2+Σ(X・一 劾2(
51。)2-BO)
●
_X(X・-i・)(ッ ・一 ヲ・)+X(X・一一1・)(ッ・一 夕,)5/Xレ ・⑳
●
れ の
u4='Sa42`x2t+'Za41tels,S遇1isl
iil32),　 へし
Un一 Σatxo;ie2i+s:anユt9、i.
i』1`・ ・1
Coefficientsintheequations働areassumedtobesoselected
astogiveanorthogonaltransformation.。
AsgtisindependentlydistributedaccordingtoIV(0,1σノ 1一ρ2)),
'itiseasilyderivedthatuiisalsoindependentlydistributed
accordingtoヱ 〉(0,σv2(1一 ρ2)).Fromtheaboveresults,itis
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derivedthat
・一諺r+α ㈱
,
1
δ一 ゾ畿 一芳、)+β ⑳
areindependentlydistributedaccordingtoN(rx,ay2(1一 ρ2)〃n)and
2>(β,4σy2(1・一,02)/n(矛2一髪・)2),respectively.Andtheyareindependently
distributedwith(u42十us2十… 十un2)/{砺2(1一 ρ2)}.Inthiscase
U42+U52+…+Un2
σy2(1一の ㈲
isdistributedaccordingtoX2-distributionwithdegreeoffreedom
@-3).Thenweobtainthefollowingrelation:
る れ
W='ZIUi2一 ΣZ」2--u、2-U22-U32
呑・昌1」=1
-X(y一 α一 βり2号(死 ・一 芳・)2(b一β)2-
n(・一 αア ー孟)・{…V一 β(S・・)・}2
-n(5㌔)・{1-(
、舞 銑)・},㈱
where
(5!シ)…E(ly・-i2)2吉Σ(ツ・一 夕1)2en●
Thisresultisthesameformaswederivedin〔5〕.Theabove
resultissimilartothevariationoferrorinusUalregressionline.
Whenweuseleastsquaresmethodinestima七ingregression
parameters,wehavethefollowingrelation:
急(yt…bx・)・一 nSv2(1一轟)
-nSy2(1-r2).㈱
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Inthiscasedegreeoffreedomis@-2),bu七itisnotedthatour
result㈱hasdegreeoffreedom@-3).
Aswehavealreadyseen,ωisindependen七lydistributedwitha
andb,andev/{av2(1一 ρ2)}isdistributedaccordingtoX2-distribution
withdegreeoffreedom(n-3) ..「〆 万(α 一 α)/(σ,1/1_ρ2)andγ 万 ・
(X2--Xl)(b一β)/{2ayγ/r===ア}aredistributedaccordingto1>(0,1),
respec七ively.Thereforewehave七hefollowingresults:
あ=鼎 ≡誇//
η(ω1一ρ2)/@-3)
イ 万(a一α)/焉
,Bg
and
t・-tr編 響;β Σ//
吋(ω1一ρ2)/(n-3)
=:IYITL(1・一1・)(b一β)//
てη望3)'㈹
aredistribu七edaccordingtot-distributionwithdegreeoffreedom
(n-3),respectively.
Using彦1,wecan七es七thehypothesisonregressioncoefficientα,
andconstructconfidenceintervalwithrespecttoα.Alsowecan
testthehypothesisonregressioncoefficien七 β・andconstruc七 .
confidenceintervalwithrespecttoβ.且owever,computationof
thesestatisticsissomewhatcomplexcomp3redwithcomputation
ofestima七〇rsthemselves.
、
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4
1nsections2and3weestimatedαandβonthebasisof
dividingthesetofobservationsintotwosubgroupsGIandG2.Gi
consistsofpairsofobservations(xl,Yi),…,(xm,Ym).andG20f
pairsofobservations(xm+1,Ym+1),…,(xn,Yn).
Thesameresultasabovewillbederivedonthebasisofany
divisionofthesetofobservationsintotwosubgroupsG,andG2
0fthesamesize,undertheconditionthatdivisio血doesnotdepend
onselectionofobservations(xt,ツ`)σ=1,2,…,n).Whenweconsider
fluctuationofestimatorb,itisdesirabletotakeestimatorbhaving
minimumstandarderror.Frolnag)itiseasilyunderstoodthat
maximuml牙2-一 夢,iwillleadtominimumstandarderrorofb.
Maximuml牙2一 刃11willbeobtained,whenweenumerate
(1)
observationsinanascendingorder:x1〈 κ2≦ニ… ≦gxn.Ifhalfnumber
・fxnt・kessign+・ ・ndth・ ・th・・h・lfnumb・ ・t・kessignr・
maximumvalueoflI2-1,lwillbeobtained,whenmsmallest
membershavethesamesigns,buttheothermlargestmembers
haveothersigns.Althoughsucha.rrangementsbringdependence
onobservation,practicallywecouldusetheprecedingformula
whennislargeandvarianceofestimatorisnotlarge.
0
5
Withrespecttothemethodofdividingthesetofobservations'
intotwosubgroupsGIandG2,七hereisadifferencebetweentwo.
pointmethod〔2〕,〔5〕andtheprecedingmethod.However,itis
(1)Forexample,seeK).BJIHHHHK〔3〕cTp.301.
ぐへ
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notedthatonthere1血aihi血9Poihtstherearesi艶il包rities
betweenthem.
AccordingtoZ.Hellwig〔2〕,es七ima七ionofregressionparameters
bytwo-pointmethodismadeasfollows.Arando血sample
comprisingofnitemsisdrawnfromtwo-dimentionalgeneral
populationofwhichregessiolllinesareassumedtobestraight.
After牙and夕arecomputed,hedividesthesetintotwosubgroupS
insuchawaythatinthefirstsubgroupthepointswithabscissa
.xnotgreaterthan芳areincluded,andintothesecondsubgroup
alltheremainingpointsareincluded.Ifinthesecondsubgro叩
thereare%2points,theninthefirstsubgrouptherewillbe
nl=・n-n2points.Inthiscase%2isarandomvariablewhichmay
.assumethevalues1,2,…,n-1.Thefollowingsaredefined:
Xl=xi〃≦91,ツ1環 γIx≦(芳,
ω
万、一 劉 〃〉 芳,釦 一 列 万〉 芳.
Thenthefollowingstatisticsarecomputed:
1、-1Σx、,1,_.Ls.,
りZ一 雑2伽2,
働
_1"1
ツ・㍉ 一n、Xy・・ ツ・2がy・・
Astheestimatorbforpopulationparameterβ,anyoneofthe
ゴ0110wingthreeformulaeisutilized:
わ一x'一 ≧ ⑬X2-X,
わ=乏 一≧1㈲
万一一Xl,
う昌¥,一ZL㈲
X2-Xl ●
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Anestimator ,aforpopulationparameterαisexpressedinoneof
七hefollowingthreeways:
a=1ソー bチr2,(盗 ⑤
a==ツー bXi,(40
α=ツ ー わκ.・@⑳
Thenhegives,withoutproofs,theorernsonconsistency,
unbiasedness,andefficiencyofestimatorb.However,hedoesnot
deriveexactdistributionsofestimatorsaandb.Thereforehedoes
notmakesuchinferencesasstatisticaltestingorconfidencelimits、
aboutpopulationparameters.In〔5〕Wehavederivedtest
statisticsandthemethodofconfidencelimitsaboutpopulation
parameters,assumingtwo-dimentionalnormalpopulation.Themain
results,correspondingto(3{)and(4Φ,areasfollows:
t'-1/"一(αα)/ノ
謬3㈲
and
あ一漂 価)(b一β)/溜
3el。
aredistributedaccordingto彦一distributionwithdegreeoffreedom.
(%-3),respectively・Inthiscase
a-i,わ 一 一蓼2-¥'㈹
X2-X1,
茅、_・Σ万・ あ=勉 働nl,n2,
ω一嘱)・{1-((5働)2
s,の2(s'y)・},G3)
(S・。)…E(X・-1・)2差Σ(雇 パ ,働
'
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(s/b)2=
Σ(X1-X1)2+Σ(X2-1、)2
%,
Σ(X-X1)(ッ、一 予、)+Σ(挽一 刃、)(ッ、一 ラ、)
一13一
ヤ
,κ=O
XI=xIx≦ 三〇,
x2==xlx>0,
5/Xψ==
Σx=・O ,
ツ1冨・1ソIx〈0,
ツ2=ツ1x>o.
,
6㊦
㈲
6
Thereareseveralmethodstodividethesetofobserva七iollsinto
twosubgroupsGIandG2.In[4]J.ogawashowsthatinan
unpublishedmanuscriptG.Brownhasproposedanestimatorof
thecorrelationcoefficient.Hismethodisasfollows.xandy
aredistributedaccordingto(1)withequalvariancesσ2andmeans
ρqualtozero.Equalityofvariancesisno七necessary,buttheratio
ofthevariancesmustbeknown.Onlythoseobserva七ionsfor
whichκ1>kσareretained,andthenthefollowings七atisticsis
introduced:
ρ。一 之+一 ≧ ㈱◎ κ十一"一,
where夕+andI+aretheaveragesofthen1/5andヅ5forwhich
xi>ka,and夕一and}-aresimilarlydefinedforthe物observations
forwhichxi<-ha.ρBisdescribedtobeanunbiasedestimator
forρ.Regardingthex/sasfixedvariatesitisderivedthat
・・(ρ・1の一募il;(麸 、+毒).69
Aseasilyseen,68issimilarto(4),⑬,・ 幽),and㈲.Theexpress-
ion働issimilarto⑱andag).
/一14一 商 学 討 究 第15巻 第1号 ゲ
Whenwedividethesetofobservationsi耳totwosubgroupsin-
suchawayasdescribedabove,wecanusethefollowlngsta七istic
asanestimatorforpopulationparameterβ:
b-=≧+一 ≧-60
κ十一 ∬一.
Weshallprovethatbdefinedin㊨ ◎isanunbiasedestimatorfor'
β.Regardingthex/sarefixedvariates,
E(わlx)一高{E({)-Eσ 一レー)}.6D
Inthiscase
E(1・Ix・)一÷ 万E(ッ・]x・)=一∫宰f(ッレ ・)dy
-oo
一 μ・+ρ寄(芳 ・一μ・)働
,
andinthesameway
E(ユL万 一)一μ,+ρ4'(1.一 μ。)働
σ斜.
Therefore
「
'
E(δ1の一急 ρ舞 σ・-i-)
=ρav-=β64ン
砺.
V臼riapcβofbisderivedasfQllows:
di(blx)・・:そ野§ 誓1(÷+毒).es
Inthesimilarwayasdescribedabove,wecansystematically
deriveteststatisticsandconfidencelimitsaboutpopulation
parameters.
,〔1〕
〔2〕
〔3〕
「
?
「
?
?
?
?
」
〔
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